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Abstract 

In the framework of nonstandard analysis, Bang-He Li and the author defined the prod- 
uct of any two distributions on R n via their harmonic representations. The product of 
6(xi, ■ ■ ■ , x n ) and S(x\) was calculated by Kuribayashi and the author in [LK]. In this pa- 
per, the result of [LK] is improved to 

S(xi, . . . , x n ) ° 5(xi) — — — 5(xi, . . . , x n ) mod infinitesimals 

where p is a positive infinitesimal. Moreover two combinatorial identities are obtained as 
byproducts. 
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Thirty years ago, Bremermann and Durand [BD] defined the products of distributions with 
one variable by using analytic representations. It was shown by Itano [II] [12] and further by 
Bang-He Li and the author [LL1] that this multiplication is very broad, i.e. if the product of 
two distributions exists for several other multiplications, then the same product is obtained for 
this multiplication. So a problem that interested people was " What is a generalization of this 
multiplication to distributions with several variables?" . 

Itano [12] showed by an example that for distributions with more than one variables, analytic 
representation can not offer well-defined multiplication. Bang-He Li and the author [LL2] at last 
found that a suitable generalization of this multiplication is the one via harmonic representations. 
Because for one variable, harmonic and analytic representations are essentially the same. Bang-He 
Li [L] adapted the multiplication of Bremermann and Durand into the framework of nonstandard 
analysis. Its generalization to multiple variables via harmonic representations [LL2] was also writ- 
ten in this framework. The merit to use nonstandard analysis is that one needs not to worry about 
the existence of products anymore, and when taking the finite part (if exists), we return to some 
kind of standard product. 

In the case of one variable, systematic results for singular distributions have been obtained by 
the author. We quote only the survey paper [LL3]. For multiple variables, only few calculations 
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have been made in [LL3] and the paper of Kuribayashi and the author [LK]. In this paper, we 
improve the result of [LK] to the neatest form. 

Denote by V(R n ) the Schwartz spase consisting of complex-valued C°°-functions on R n with 
compact supports, and V'(R n ) its dual, i.e. the space of Schwarts distributions. 

For T E T>'(R n ), its harmonic representation T is a harmonic function on R n x R + such that 



lim / f(xi, ■ ■ ■ ,x n ,y)(f)(xi, ■ ■ ■ ,x n ) dx\ ■ ■ -dx n = / 



T(xi, ■ ■ ■ ,x n )<f>{xi,- ■ ■ ,x n ) dx\ ■ ■ ■ dx r , 



for any (p(x\, • • • , x n ) £ V(R n ). 

Harmonic representation exists for any T e T>'(R n ) 7 and the difference of two such representa- 
tions extends to a harmonic function on R n x R skew-symmetric for y (cf. [LL4]). 

Denote by C the complex field, *C a nonstandard model of C, R the real field and p E *R a 
positive infinitesimal. 
Let 

P C = {x E *C\ for some finite integer n, \x\ < p~ n } 
6 = the set of all infinitesimals in*C 
PC' = PC jd 

then P C is a complex vector space, and we call a complex linear functional of V(R n ) — > P C a 
hyperdistribution on R n . 

Suppose S, T € T>'(R n ),S,T are harmonic representations of S and T, and *S, *T are the 
nonstandard extensions of S and T respectively. 

Let ip ■ P C — ► P C be the homomorphism modulo 9. Then 

ip — ► V(< S(x, p)f(x, p), <f(x) >) 

defines a complex linear functional of V(R n ) — > P C, i.e. a hyperdistribution on R n , and we call 
this hyperdistribution the harmonic product of S and T, denoted by S o T in [LL1] (see also [O]). 

Let S(xi, . . . , x n ) be the 5— function on R n , The harmonic product of S(x\, . . . , x n ) and 8{x\) 
has been calculated in [LK] to get 

S(x 1 , . . . , x n ) o <5(xi) = A(l, n)S(x 1 , ...,x n ) 

where 

,„ , 2tt fp 3 r . . r°° r t n sm n ~ 2 ^dtd^ 

A(l,n) = / svo'edO / -r, 

dCnpj-LJo J J (l + t 2 )^{l + t 2 cos 2 ^ 

and 
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Furthermore, for odd n, 

Ail 2k iD-VlvW^Mf^M (-1P(2 P +1)!!(2,-2 P -1)!! 



and for even 



77,, 



nj. , i 3 3-r r p+s , \ / ■ \ / \ / , 



P j=0 r=0 p=0 s=0 h=0 v 

(_l)j+P+r+i r ( fc _ j)r(l - fe+(p + a + j + l)/2) 
x 2 2k - 2 +P+ s -3T(k -h+(p + s-j + 3) /2) 

where r(x) is the Gamma function. 
It was also calculated in [LK] that 

A(l,2k + 1) = — , for fc = 1,2,3,4,5,6 

27T/3 



and 



A(l,2fc + 2) = -!-, for A; = 0,1,2,3 
2np 



It is a result of Bang-He Li [L] that 

A(l, 1) = J-, i.e. 5{ Xl ) o 5(a;i) = -^(zi) 
2np 2np 

(see also [O] [DR]) 

So it might be conjectured that A(l, n) = for all n > 1. Here we find a very simple way to 
prove that it is indeed so, i.e. we have 
Theorem 1. For any n E N, 

5(x 1 ,...,x n )o5(x 1 ) = ■^—S(x 1 ,...,x n ) 

Proof. A harmonic representation of S(xi, . . . , x n ) is the Poisson kernel 

5(xi, ...,x n ;y) = c n ^ 1 y(\x\ 2 + y 2 )~ ]1 i 1 , y > 

and a harmonic representation of 5(xi) is 

H x i>y) = c i~ 1 y( x l + y 2 )^ 1 

Let 4> & D(R n ), it has been proved in [LK] that 

S(xi, . . . ,x n ;p)6(xi,p)<j>(x) dx 
(j)(0) / S(xi, . . . , x n ; p)5(xi, p)dx mod infinitesimals 
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So, for n > 3 

A(l,n) 



ClCn J R ™ {x\ + x\ + ■ ■ ■ + X 2 n + p 2 )^ {x\ + p 2 ) 

P f dxi ■ ■ ■ dx n - 2 f dx n -i 

' ~n J R n-2 (X 2 +P 2 ) J R 2 ( X {+X 2 + ---+X 2 n + P 2 )^ 

By using polar coordinate, we have 

271 r °° rdr 



[ ^=f doT- 

Jr 2 {x\ + x\ -\ + x 2 n + p 2 ) 2 Jq Jq [x\ 



-x 2 + ---+x 2 n _ 2 +p 2 +r 2 ) 2 

2tt 



(n - l)(x 2 + x 2 + ■ ■ ■ + x 2 n _ 2 + p 2 ) 1 

Now 



2tt 

r 

Hence 



n - 1 



A(l,n) = -?-f d Xl ..-dx n _ 2 ^ _ = A (l,n-2) 

ClC„_ 2 J R n-2 [x\ +x% H h X I 2 l _ 2 + p 2 ) — {x 2 + p 2 ) 

and the proof is complete by using the known results 

A(1,1)=^(1,2) = JL 

As corollaries of Theorem 1 and the results of [LK] , we obtain two combinatorial identities 
Theorem 2. For any k £ N, k > 1, 

fc-ij-i 



EE 



k-1 \ ( j-1 \ (-l) J (2p+l)!!(2j-2p-l)!! _ 1 1 



p y (2j + 2)!!(2p+l) 



Theorem 3. For any k e N, k>l 

fc-l j j— r r p+s 



EEEEE 

j=0 r=0 p=0 s=0 ?i=0 



2fc \/j_ r \/ r \/ p + a 
k + l+j )\ p )\ s )\ h 
(-iy+P+ r+1 T(k - j)T(l -h+{p + s + j + l)/2) _ 1 



2 2 fc- 2 +p+a-JT(A; - ft + (p + s - j + 3)/2) " 2fc + 1 
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